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The concept of fuzzy operations and fuzzy set operations was
ﬁrst introduced by Zadeh (1965). A fuzzy set on a non-empty
set X is a mapping from X into the unit interval I ¼ ½0; 1. The
null set 0X is the mapping from X into I which assumes the
only the value 0 and the whole fuzzy set 1X is the mapping
from X into I which takes value 1 only. A family s of fuzzy sets
of X is called a fuzzy topology (Chang, 1968) on X if 0X and 1X
belong to s and s closed under arbitrary union and ﬁnite inter-
section. The members of s are called fuzzy open sets and their
complements are fuzzy closed sets.t of Mathematics, Faculty of
gypt. Tel.: +20 0597895288.
ity. All rights reserved. Peer-
d University.
lsevierIn 1982,Mashhour et al. (1982) deﬁned preopen sets in topo-
logical spaces. In 1991, Singal and Prakash (1991) generalized
the concept of preopen sets to the fuzzy setting. In 1991, Bin
Shahna (1991) introduced the concept of preopen function be-
tween two fuzzy topological spaces. In 1985,Rose (1984) deﬁned
weakly open functions in topological spaces. In 1997, Park et al.
(1997) introduced the notion of weakly open functions between
two fuzzy topological spaces. In 2004, Caldas et al. (2004) intro-
duced the concept of fuzzy weakly preopen functions which is
weaker than fuzzy preopen sets. Simple expansion was ﬁrst
introduced in 1964 by Levine (1964) as ‘‘Let ðX; sÞ is a topolog-
ical space and B  X, B R s, then the topology
sðBÞ ¼ fO [ ðO0 \ BÞ : O;O0 2 sg is called simple expansion of
s by B’’. Also, a similar concept discussed by Hewit in 1943 (He-
wit, 1943) as ‘‘If ðX; sÞ be a topological space and B  X, B R s,
then the class s [ fBg is a subbase for a topology s ﬁner than s,
s is called a simple expansion of s by B’’. In this paper we gen-
eralized the concept of simple expansion due to Levine (1964) to
the fuzzy setting. Also, we introduced new classes of fuzzy sets,
namely fuzzy g-preopen sets, fuzzy weakly g-open sets and fuzzy
weakly g-preopen sets. This families not only depend on the fuz-
zy topology s but also on it simple expansion and we study their
fundamental properties.
224 H.M. Abu-Donia, A.S. SalamaThroughout this paper ðX; sÞ and ðY; rÞ or simply X;Y,
respectively, denoted by fuzzy topological spaces (fts, short)
on which no separation axioms are assumed unless explicitly
stated. If l is any fuzzy subset of a fts X (for short, l 2 IX),
then clðlÞ, intðlÞ, 1 l denote the fuzzy closure, the fuzzy
interior and the complement of fuzzy set l in fts X, respec-
tively. We denote the set of all fuzzy open (resp. fuzzy closed)
sets by FOðXÞ (resp. FCðXÞ).2. Expansion of fuzzy topology
In this paper we generalize the concept of simple expansion
due to Levine (1964) to the fuzzy setting as the following:
Deﬁnition 2.1. Let ðX; sÞ be a fuzzy topological space, g 2 IX
such that g R s. Then the fuzzy topology sg ¼ fq _ ðq0 ^ gÞ :
q; q0 2 sg is called a simple expansion of s by g.
Example 2.1. Let
aðxÞ¼ x; if 06 x6
1
2
1x; if 1
2
6 x6 1
(
; bðxÞ¼ 12x; if 06 x6
1
2
1
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(
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3
2
x; if 06 x6 1
2
3
4
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2
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(
; dðxÞ¼ 4x; if 06 x6
1
4
4
3
ð1xÞ; if 1
4
6 x6 1
(
:
Let s ¼ f0X; 1X; ag be a fuzzy topology on X. Then sb ¼ f0X;
1X; a; b; a ^ b; a _ bg, sc ¼ f0X; 1X; a; cg and sd ¼ f0X; 1X; a; dg
be three expansions for a fuzzy topology s by using the fuzzy
sets b; c and d, respectively.
Theorem 2.1. If ðX; sÞ is a fuzzy topological space and g 2 IX,
g R s, then the topology sg ¼ fq _ ðq0 ^ gÞ : q; q0 2 sg coincides
with the fuzzy topology sgenerated by the class s [ g.
Proof. Let f 2 s. Then f 2 Wi24ðVj240kijÞ, kij 2 s [ fgg and4ð40Þ is an arbitrary (ﬁnite) index set. If kij 2 s for each
i 2 4; j 2 40, then f 2 s  sg. Assume that there exist
i0 2 4; j0 2 40 such that ki0 j0 ¼ g ^ q for some q 2 s. There-
fore f ¼ ½Wi24fi0gðVj240fj0gkijÞ _ ðg ^ qÞ, clearly this implies
that f ¼ q0 _ ðq ^ gÞ, q; q0 2 s. Hence f 2 sg.
Conversely, if f 2 sg, then there exist q; q0 2 s such that
f ¼ q0 _ ðq ^ gÞ. Therefore f 2 s. h
Deﬁnition 2.2 Singal and Prakash, 1991. Let l be any fuzzy
set of a fts ðX; sÞ
(1) l is called fuzzy preopen set of X if l 6 intðclðlÞÞ.
(2) l is called fuzzy preclosed set of X if lP clðintðlÞÞ.
We denote the set of all fuzzy preopen (resp. fuzzy preclosed)
sets by FPOðX Þ (resp. FPCðX Þ).
Deﬁnition 2.3 Singal and Prakash, 1991. Fuzzy preclosure and
fuzzy preinterior of a fuzzy set l of a fts ðX; sÞ are deﬁned as
follows:
(1) pclðlÞ ¼ Vfq : q is a fuzzy preclosed and l 6 qg.
(2) pintðlÞ ¼ Wfm : m is a fuzzy preopen and lP mg.In this paper we introduce new classes of fuzzy sets called
fuzzy g-preopen sets. This family of fuzzy sets not only
depends on the fuzzy topology s but also on sg. We study some
of its properties and its characterizations.
Deﬁnition 2.4. For any fts ðX; sÞ. A fuzzy subset l is called a
fuzzy g-preopen if l 6 intsgðclðlÞÞ.
The complement of fuzzy g-preopen set is called fuzzy g-
preclosed set. The family of all fuzzy g-preopen sets is denoted
by FPgOðXÞ and the family of all fuzzy g-preclosed sets is
denoted by FPgCðXÞ.
The following example show that a fuzzy preopen set is a
fuzzy g-preopen but not conversely.
Example 2.2. Consider the following fuzzy sets
aðxÞ ¼
x 1
4
; if 1
4
6 x 6 1
2
0; otherwise
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(
:
Let s ¼ f0X; 1X; a; bg, g R s. Then sg ¼ f0X; 1X; a; b; gg. We
have the fuzzy set c is a fuzzy g-preopen but it is not fuzzy pre-
open, since intðclðcÞÞ ¼ bj c.
Theorem 2.2. Let ðX; sÞ be a fts, g be a fuzzy set such that g R s.
We have:
(1) An arbitrary union of fuzzy g-preopen sets is a fuzzy g-
preopen set.
(2) An arbitrary intersection of fuzzy g-preclosed sets is a
fuzzy g-preclosed set.
Proof. (1) Let fVag be a collection of fuzzy g-preopen sets.
Then, for each a, Va 6 intsgðclðVaÞÞ. Now,_
Va 6
_
intsgðclðVaÞÞ 6 intsg
_
ðclðVaÞÞ ¼ intsgðclð
_
VaÞÞ
Hence
W
Va is a fuzzy g-preopen set.
(2) Follows easily by taking complements. h
Deﬁnition 2.5. Let ðX; sÞ be a fts and g be a fuzzy set on X,
g R s. Fuzzy g-preclosure ðpgclÞ and fuzzy g-preinterior
ðpgintÞ of a fuzzy set . are deﬁned as follows:
(1) pgclð.Þ ¼
Vfl : l 2 FP gCðX ; sÞ and . 6 lg.
(2) pgintð.Þ ¼
Wfm : m 2 FP gOðX ; sÞ and .P mg.
Theorem 2.3. Let . be any fuzzy set in a fts ðX; sÞ, g be a fuzzy
set such that g R s. Then pg  clð1 .Þ ¼ 1 pg  intð.Þ and
pg  intð1 .Þ ¼ 1 pg  clð.Þ.
Proof. We see that a fuzzy g-preopen set l 6 . is precisely the
complement of fuzzy g-preopen set mP 1 .. Thus
Fuzzy simple expansion 225pgintð.Þ ¼
_
f1 m : m 2 FPgCðX; sÞ and mP 1 .g
¼ 1
^
fm : m 2 FPgCðX; sÞ and mP 1 .g
¼ 1 pgclð1 .Þ
Similarly, pgclð.Þ ¼ 1 pgintð1 .Þ. h
Theorem 2.4. For a fts ðX; sÞ, g be a fuzzy set such that g R s,
then l is called a fuzzy g-preclosed (resp. fuzzy g-preopen) if
and only if l ¼ pgclðlÞ (resp. l ¼ pgintðlÞ).
Proof. Let l 2 FPgCðX; sÞ. Since l 6 l, l 2 ff : f 2 FPgC
ðX; sÞ and l 6 fg; and l 6 f implies that l ¼ Vff : f 2 FPgC
ðX; sÞ and l 6 fg, i.e., l ¼ pgclðlÞ. Conversely, suppose that
l ¼ pgclðlÞ, i.e., l ¼
Vff : f 2 FPgCðX; sÞ and l 6 fg. This
implies that l 2 ff : f 2 FPgCðX; sÞ and l 6 fg. Hence
l 2 FPgCðX; sÞ. h
Theorem 2.5. For a fts ðX; sÞ, g is a fuzzy set such that g R s, the
following hold for g-preclosure
(1) pgclðOX Þ ¼ OX .
(2) pgclðlÞ 2 FP gCðX ; sÞ.
(3) pgclðlÞ 6 pgclðmÞ if l 6 m.
(4) pgclðpgclðlÞÞ ¼ pgclðlÞ.
Proof. Obvious. h
Theorem 2.6. For a fts ðX; sÞ, g be a fuzzy set such that g R s,
the following are hold
(1) pgclðl _ mÞP pgclðlÞ _ pgclðmÞ.
(2) pgclðl ^ mÞ 6 pgclðlÞ ^ pgclðmÞ.
Proof. Obvious. h
Deﬁnition 2.6. Let ðX; sÞ and ðY; rÞ be two fts’s. A function
f : ðX; sÞ ! ðY; rÞ is called:
(1) Fuzzy preopen (Bin Shahna, 1991) if f ðkÞ is fuzzy pre-
open subset of Y, for each fuzzy open set k in X.
(2) Fuzzy open (Chang, 1968) if f ðkÞ is fuzzy open subset of
Y, for each fuzzy open set k in X.
(3) Fuzzy weakly open (Park et al., 1997) if
f ðkÞ 6 ðintðf ðclðkÞÞÞÞ, for each fuzzy open set k in X.
(4) Fuzzy contra open (Caldas et al., 2004) (resp. fuzzy con-
tra closed) if f ðkÞ is fuzzy closed (resp. fuzzy open) set of
Y, for each fuzzy open (resp. fuzzy closed) set k in X.
(5) Fuzzy weakly preopen (Caldas et al., 2004) if
f ðkÞ 6 ðpintðf ðclðkÞÞÞÞ, for each fuzzy open set k in X.3. New forms of fuzzy functions
Now, we deﬁne the generalized forms of preopen function in
fuzzy setting.
Deﬁnition 3.1. Let ðX; sÞ and ðY; rÞ be two fts’s, g be a fuzzy
set such that g R r. A function f : ðX; sÞ ! ðY; rÞ is called:(1) Fuzzy g-preopen if f ðkÞ is a fuzzy g-preopen subset of Y,
for each fuzzy open set k in X.
(2) Fuzzy g-open if f ðkÞ is fuzzy g-open subset of Y, for
each fuzzy open set k in X.
(3) Fuzzy weakly g-open if f ðkÞ 6 ðrgintðf ðclðkÞÞÞÞ, for
each fuzzy open set k in X.
(4) Fuzzy weakly g-preopen if f ðkÞ 6 ðpgintðf ðclðkÞÞÞÞ, for
each fuzzy open set k in X.
Theorem 3.1. Let ðX; sÞ and ðY; rÞ be two fts’s, g be a fuzzy set
such that g R r. For a function f : ðX; sÞ ! ðY; rÞ the following
are equivalent.
(1) f is a fuzzy weakly g-preopen.
(2) f ðintðlÞÞ 6 pgintðf ðlÞÞ8l 2 FCðX Þ.
(3) f ðintðclðkÞÞÞ 6 pgintðf ðclðkÞÞÞ8k 2 FOðX Þ.
(4) f ðkÞ 6 pgintðf ðclðkÞÞÞ8k 2 FPOðX Þ.
Proof. Obvious. h
Deﬁnition 3.2 Caldas et al., 2004. A function
f : ðX; sÞ ! ðY; rÞ is said to be fuzzy strongly continuous, if
for every fuzzy subset k of X, fðclðkÞÞ 6 fðkÞ.
Theorem 3.2. Let ðX; sÞ and ðY; rÞ be two fts’s, g be a fuzzy set
such that g R r. If a function f : ðX; sÞ ! ðY; rÞ is a fuzzy weakly
g-preopen and fuzzy strongly continuous. Then it is a fuzzy g-
preopen.
Proof. Let k be a fuzzy subset of X. Since f is fuzzy weakly g-
preopen, then we have fðkÞ 6 pgintðfðclðkÞÞÞ. However, because
f is strongly continuous, fðkÞ 6 pgintðfðkÞÞ, i.e., fðkÞ ¼ pgint
ðfðkÞÞ. Consequently, fðkÞ 2 FPgOðYÞ. Therefore f is fuzzy g-
preopen function. h
Theorem 3.3. Let ðX; sÞ be a fuzzy regular space and ðY; rÞ be a
fts, g be a fuzzy set such that g R r. Then the function
f : ðX; sÞ ! ðY; rÞ is a fuzzy weakly g-preopen if and only if f
is a fuzzy g-preopen.
Proof. The sufﬁciency is clear. For the necessity, let k be a
non-null fuzzy open subset of X. For each xp fuzzy point in
k, let lxp be a fuzzy open set such that xp 2 lxp 6 clðlxpÞ
6 k. Hence we obtain that k ¼ Sflxp : xp 2 kg ¼ SfclðlxpÞ
: xp 2 kg and
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[
ffðlxpÞ : xp 2 kg
6
[
fpgintðfðclðlxpÞÞÞ : xp 2 kg
6 pgintðfð
[
fclðlxpÞÞÞ : xp 2 kgÞÞ ¼ pgintðfðkÞÞ:
Thus f is a fuzzy g-preopen function. h
Deﬁnition 3.3 Pu and Liu, 1980. An fuzzy set l is said be
quasi-coincident (q-coincident) with an fuzzy set k, if there
exists at least one point x 2 X such that lðxÞ þ kðxÞ > 1. It
is denoted by lqk. lqkmeans that l and k are not q-coincident.
For two fuzzy l and k. l 6 k iff lðxÞ 6 kðxÞ for each x 2 X.
Note that l 6 k iff lqX n k.
Deﬁnition 3.4 Caldas et al., 2004. Two non-empty fuzzy sets k
and b in a fuzzy topological space ðX; sÞ (i.e., neither k nor b is
0X) are said to be fuzzy preseparated if kqpclðbÞ and bqpclðkÞ
or equivalently if there exist two fuzzy preopen sets l and m
such that k 6 l, b 6 m, kqm and bql.
Deﬁnition 3.5. Two non-empty fuzzy sets k and b in a fuzzy
topological space ðX; sÞ (i.e., neither k nor b is 0X) are said
to be fuzzy g-preseparated if kqpgclðbÞ and bqpgclðkÞ or equiv-
alents if there exist two fuzzy g-preopen sets l and m such that
k 6 l, b 6 m, kqm and bql.
A fuzzy topological space which cannot be expressed as the
union of two fuzzy preseparated (fuzzy g-preseparated) sets is
said to be a fuzzy preconnected (fuzzy g-preconnected).
Theorem 3.4. Let ðX; sÞ and ðY; rÞ are the fuzzy topological
spaces, g be a fuzzy set such that g R r. If f : ðX; sÞ ! ðY; rÞ
is an injective fuzzy weakly g-preopen function of a space X onto
a fuzzy g-preconnected space Y, then X is fuzzy connected.
Proof. Let X be not fuzzy connected. Then there exist fuzzy
separated sets b and c in X, such that X ¼ b [ c. Since b and
c are fuzzy separated. There exists two fuzzy open sets l and
m such that b 6 l, c 6 m, bqm and cql. Hence we have
fðbÞ 6 fðlÞ, fðcÞ 6 fðmÞ, fðbÞqfðmÞ and fðcÞqfðlÞ. Since f is fuzzy
weakly g-preopen, we have fðlÞ 6 pgintðfðclðlÞÞÞ and
fðmÞ 6 pgintðfðclðmÞÞÞ and since l and m are fuzzy open and also
fuzzy closed, we have fðclðlÞÞ ¼ fðlÞ, fðclðmÞÞ ¼ fðmÞ. Hence
fðlÞ and fðmÞ are fuzzy g-preopen in Y. Therefore, fðbÞ and
fðcÞ are fuzzy g-preseparated sets in Y and
Y ¼ fðXÞ ¼ fðb [ cÞ ¼ fðbÞ [ fðcÞ. Hence this contrary to the
fact that Y is fuzzy g-preconnected. Thus X is fuzzy
connected. h
Deﬁnition 3.6 Caldas et al., 2004. Space X is said to be fuzzy
hyper connected if every non-null fuzzy open subset of X is
fuzzy dense in X.
Theorem 3.5. Let ðX; sÞ and ðY; rÞ be two fts’s, g be a fuzzy set
such that g R r. If X is a fuzzy hyper connected space. Then
f : ðX; sÞ ! ðY; rÞ is fuzzy weakly g-preopen if and only if
fðXÞ is fuzzy g-preopen set in Y.
Proof. The sufﬁciency is trivial. For the necessity observe that
for any fuzzy open subset k os X, fðkÞ 6 fðXÞ ¼ pgintðfðXÞÞ
¼ pgintðfðclðkÞÞÞ. hDeﬁnition 3.7. A function f : ðX; sÞ ! ðY; rÞ is said to be fuzzy
weakly g-preclosed if pgclðfðintðbÞÞÞ 6 fðbÞ for each fuzzy
closed subset b of X.
Deﬁnition 3.8. Let ðX; sÞ and ðY; rÞ be two fts’s, g be a fuzzy
set such that g R r. A function f : ðX; sÞ ! ðY; rÞ is called:
(1) Fuzzy g-preclosed if f ðkÞ is a fuzzy g-preclosed subset of
Y, for each fuzzy closed set k in X.
(2) Fuzzy g-closed if f ðkÞ is fuzzy g-closed subset of Y, for
each fuzzy closed set k in X.
(3) Fuzzy weakly g-closed if ðrgclðf ðintðkÞÞÞÞ 6 f ðkÞ, for
each fuzzy open set k in X.
(4) Fuzzy weakly g-preclosed if ðpgclðf ðintðkÞÞÞÞ 6 f ðkÞ, for
each fuzzy open set k in X.
We have the following diagram and the converse of these
implication do not hold.
Theorem 3.6. For a function f : ðX; sÞ ! ðY; rÞ, g R r, the fol-
lowing conditions are equivalent:
(1) f is fuzzy weakly g-preclosed.
(2) pgclðf ðkÞÞ 6 f ðclðkÞÞ for every open set k in X.
Proof. ð1Þ ) ð2Þ Let k be any fuzzy open subset of X. Then
pgclðfðkÞÞ ¼ pgclðfðintðkÞÞÞ 6 pgclðfðintðclðkÞÞÞÞ 6 fðclðkÞÞ:
ð2Þ ) ð1Þ Let b be any fuzzy closed subset of X. Then
pgclðfðintðbÞÞÞ 6 fðclðintðbÞÞÞ 6 fðclðbÞÞ ¼ fðbÞ: 
Theorem 3.7. For a function f : ðX; sÞ ! ðY; rÞ, g R r, the fol-
lowing conditions are equivalent:
(1) f is fuzzy weakly g-preclosed.
(2) pgclðf ðbÞÞ 6 f ðclðbÞÞ for each fuzzy open subset b of X.
(3) pgclðf ðintðbÞÞÞ 6 f ðbÞ for each fuzzy closed subset b of
X.
Proof. Obvious. h
Theorem 3.8. Let ðX; sÞ and ðY; rÞ are two fts’s, g R r. Then:
Fuzzy simple expansion 227(1) If f : ðX ; sÞ ! ðY ; rÞ is fuzzy preclosed and fuzzy contra
closed, then f is fuzzy weakly g-preclosed.
(2) If f : ðX ; sÞ ! ðY ; rÞ is fuzzy contra open, then f is fuzzy
weakly g-preclosed.
Proof. (1) Let b be a fuzzy closed subset of X. Since f is a fuzzy
preclosed, then clðintðfðbÞÞÞ 6 fðbÞ and since f is fuzzy contra
closed, fðbÞ is fuzzy open. Therefore pgclðfðintðbÞÞÞ
6 pgclðfðbÞÞ 6 clðintðfðbÞÞÞ 6 fðbÞ. Consequently f is a fuzzy
weakly g-preclosed.
(2) Let b be a fuzzy closed subset of X. Then
pgclðfðintðbÞÞÞ 6 ðfðintðbÞÞÞ 6 fðbÞ. hReferences
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